We consider scalar-tensor theories of gravity defined in Weyl integrable space-time and show that in the ADM formalism Weyl transformations corresponding to change of frames induce canonical transformations between different representations of the phase space. In this context, we discuss the physical equivalence of two distinct Weyl frames at the classical level.
I. INTRODUCTION
As is well known, the Hamiltonian formalism has proved to be a powerful tool in the study of the dynamics of classical systems. Its application to general relativity, as well as to other theories of gravity, based on the socalled ADM formalism [1] , has set up the basis for several approaches to a quantum theory of gravity [2] . Certainly, a prominent aspect of the Hamiltonian formalism is related to canonical transformations, the very special class of transformations defined in the phase space which preserves the form of Hamilton equations. Clearly, dynamical systems leading to Hamilton equations which may be related by canonical transformations are to be regarded as being physically equivalent [3] .
In a somewhat different context, namely, that of scalartensor theories of gravity, the issue of physical equivalence appears when different frames are used to write the field equations. Usually these frames are related by a set of transformations involving the metric and the scalar field. In the case of Brans-Dicke gravity, two frames, in particular, are considered as important for the mathematical formulation of the theory: the Einstein and Jordan frames [4] . The question of which should be regarded as the physical frame is still a matter of debate [5] .
It turns out that, with respect to scalar-tensor theories, the original approach assumes, as in general relativity, that the space-time manifold is Riemannian. On the other hand, it has been shown recently that when the Palatini variational method is applied to derive the field equations from the action, then in a wide class of scalar-tensor theories, a non-Riemannian compatibility condition between metric and affine connection appears quite naturally [6] (For a more general result, see [7] ). In a certain sense, this condition seems to establish the space-time geometry from first principles, the space-time manifold being dynamically determined by the particular coupling of the scalar field in the gravitational sector. In the case of Brans-Dicke theory, the mentioned procedure leads to what has been called a Weyl integrable spacetime, a particular version of the geometry conceived by H. Weyl in his attempt to unify gravity and electromagnetism [8] Now, Weyl geometry is one of the simplest generalizations of Riemann geometry, in which the metric compatibility condition is weakened. This was the way Weyl devised to introduce a covariant vector field σ µ , which bears amazing similarity with the electromagnetic 4-potential. Weyl also introduced the tensor F µν = ∂ µ σ ν − ∂ ν σ µ , which he interpreted as representing a kind of length curvature. As a consequence of the modification in the Riemannian compatibility condition, the covariant derivative of the metric tensor does not vanish, as in Riemannian geometry, and the length of vectors parallel transported along a curve may change. Weyl's compatibility condition is given by ∇ α g µν = σ α g µν , and is invariant under the conformal transformation g µν → g µν = e f g µν and σ µ → σ µ = σ µ + ∂ µ f , where f is an arbitrary scalar function [9] . These findings are considered by some authors as the "dawning" of modern gauge theories [10] . If F µν = 0 (null second curvature) then there is no electromagnetic field. In this case, there exists a scalar field φ, such that σ µ = ∂ µ φ, and, instead of a vector field, we are left with a scalar field φ, which, in addition to the metric, is the fundamental object that characterizes this geometry. A space-time endowed with this particular version of Weyl geometry is known as Weyl Integrable Space-Time [11] .
In this article, we shall show that, when we consider the ADM formalism for scalar-tensor theories, then Weyl transformations induce canonical transformations between different representations of the phase space. We obtain a generating function corresponding to the canonical transformations, thereby showing the physical equivalence of two distinct Weyl frames at the classical level. We revisit, in this way, the discussion about the physical equivalence between Jordan and Einstein frames, now from the point of view of Weyl geometry, in which affine geodesics and the concept of proper time are invariant under frame transformations.
II. HAMILTONIAN FORMALISM AND WEYL FRAMES
Let us consider the gravitational sector of Brans-Dicke action
where R is the Ricci scalar calculated from the Weyl connection, and ω denotes a free dimensionless parameter. As already mentioned, Weyl integrable geometry is an extension of Riemannian geometry. In the case of Weyl integrable space-time, the transformations mentioned above reduce to
Let us now restrict ourselves to homogeneous and isotropic cosmological models, with the FriedmanLemaître-Robertson-Walker line element given by
where N (t) denotes the lapse function and a(t) is the cosmic scale factor. It is not difficult to see that, after neglecting surface terms, the reduced action of the Lagrangian corresponding to (3) is
Nȧφ .
(4) On the other hand, the canonical momenta will be given by
Thus the total Hamiltonian of the model can be written as
with the super-Hamiltonian constraint being
At this point, let us transform the action (1) (written in the Weyl frame (g, φ) ) by performing the general Weyl transformations (2). It is not difficult to verify that (1), turns into the new action
now written in the new frame (ḡ,φ). We now rewrite the FLRW line element as
(10) In the context of the Hamiltonian formalism it seems reasonable to regard f as a function ofā andφ, i. e., f ≡ f (ā,φ). It is easy to see that this assumption leads to the reduced Lagrangian
where we have defined f ,ā = ∂f ∂ā and f ,φ = ∂f ∂φ
. The canonical momenta in the transformed frame are given by
while the super-Hamiltonian constraint expressed in the new variables takes the form
SinceH and H come from two distinct Lagrangians related by the Weyl transformation (2), it seems interesting to investigate whether there exists a transformation in the phase space that links them. According with the Hamiltonian mechanics, such a transformation, if it exists at all, must be a canonical transformation. In the next section, we shall show that, indeed, Weyl transformations induce canonical transformations which relate the generalized coordinates in both Weyl frames.
A. Change of frames as canonical transformations
In what follows, we shall look for a change of frames that preserves the form of Hamilton equations. In other words, we look for a transformation that links the canonical coordinates and takes the total Hamiltonian H = N H intoH =NH. This can easily be done by computing the relevant Poisson brackets and showing that they are preserved. Let us first consider the following class of transformationsā
It is not difficult to check that these transformations are canonical in two cases: i) f ,a = 0 and f (φ) = −φ, and ii) f φ ≡ ∂f ∂φ = 0 and f (a) = ln a 2 . These relate, in principle, two distinct gravitational theories whose actions are defined in two distinct Weylian frames connected by (2) 2 . On the other hand, because these transformations, which are canonical, originated from a change in the Weyl frames, is sufficient to guarantee the physical equivalence between the two theories, at least at the classical level. Unfortunately this equivalence between frames cannot be taken further. Indeed, at the quantum level, to say the least, it is still unclear whether classically equivalent systems (related by canonical transformations) lead to quantum equivalent systems [12] .
B. Generating functions
Another way to show that the transformations (15) are canonical is to obtain explicitly its generating function. For this purpose, let us consider the first case examined
and it is straightforward to verify that the generating function of this transformation is
Let us now consider the second case, in which f φ = 0. For simplicity, let us choose as a particular example, f ≡ f (a) = e a . The above transformations then reduce tō
and are generated by the function
C. A particular example: the Riemann frame
Let us next consider the particular Weyl transformation that leads to the frame in which the transformed geometrical scalar field φ vanishes, i.e., the so-called Riemann frame, in which the Riemannian compatibility condition
is recovered (For details, see [6] ). Clearly, this is carried out simply by taking f = −φ in (2) . In this case, it is easy to see that the transformed action takes the form
whereg µν = e φ g µν , and the Ricci scalarR is defined purely in terms of the metric g µν 3 . It is worth noting that when ω = 1 2 (22) is formally equivalent to the 3 It is important to note that, in the action written in the Riemann frame, φ is no longer the Weyl geometrical field, and its appearance here is due simply to the particular choice of the function f in the Weyl transformation, namely, f = −φ.
Hilbert-Einstein action with a massless minimally coupled scalar field [6] . Again, from the line element
the reduced Lagrangian is easily seen to be given bỹ
A brief comment about (24) is in order. AsL does not depend explicitly onφ, it follows that its conjugate canonical momentum pφ is conserved. On the other hand, the canonical momenta are
while the super-Hamiltonian reads
Finally, the canonical transformations in the phase space that relate the canonical variables of the two actions (1) and (22) areã
with the new lapse function being given byÑ = N e −φ/2 . The generating function in this case is simplỹ
III. FINAL REMARKS
In this work we have investigated the problem of how Weyl transformations behave when viewed at the level of the Hamiltonian formulation of gravity in the case of scalar-tensor theories. Starting from the original action of Brans-Dicke theory, in which the underlying spacetime is assumed to have the geometric structure of Weyl integral space-time, we carry out a class of Weyl frame transformations which induce changes in the reduced Hamiltonian of the original action. We then obtain the unexpected result that the two Hamiltonians are related by a canonical transformation. The physical equivalence between the actions, particularly when the Weyl transformation leads to the Riemann frame is, in a certain way, consistent with the recent interpretation of what physical equivalence means when geometrical scalar-tensor theories are viewed in different frames [6] . By no means can this equivalence be extended to the quantum level [12] . This is the case, for instance, when we are working out the canonical quantization of classical cosmological models in the framework of quantum cosmology. As far as we know, the physical equivalence between frames at the quantum level is still an open question.
